Poisson algebraic structures on current manifolds (of maps from a finite dimensional Riemannian manifold into a 2-dimensional manifold) are investigated in terms of symplectic geometry. It is shown that there is a one to one correspondence between such current manifolds and Poisson current algebras with three generators. A geometric meaning is given to q-deformations of current algebras. The geometric quantization of current algebras and quantum current algebraic maps is also studied.
Introduction
The basic ideas for the subject of current algebras were introduced in particle physics about 30 years ago [1] . The primary ingredients of current algebras are sets of equal-time commutation relations for the physically conserved currents that arise in the electromagnetic and weak interactions of hadrons [2] . Formulae relating β decay parameters to pion-nucleon scattering quantities were physically derived as applications of the current algebra approach [3] .
Mathematically, current algebras are maps from a (compact) manifold N to an algebra g. When N is the one dimensional manifold S 1 , current algebras are usually called loop algebras(see e.g. [4, 5, 6, 7] ). The representation theory of current algebras has been studied quite extensively, see e.g. [4, 6, 7] In connection with the theory of integrable systems certain infinite dimensional "classical Poisson algebras" have been investigated, see e.g. [8, 9] and references therein. In the present paper we study certain current algebras associated with maps from a finite
Riemannian manifold into a two-dimensional (i.e. 2-D) Riemannian manifold. We associate to them certain infinite dimensional Poisson algebras and characterize them using the symplectic geometry of the underlying 2-D manifold. We then go over to study qdeformations as well as geometric quantization of these algebras. Before going into more details about our constructions in infinite dimensions, let us recall how the corresponding constructions in finite dimensions are done. In [10] it has been shown that there is a one to one correspondence between 2-D manifolds and Poisson algebras with three generators.
This correspondence uses symplectic geometry and gives rise to a general description of algebraic structures on 2-D manifolds, including Lie algebras and q-deformed Lie algebras with three generators. The symmetries described by the algebras on 2-D manifolds, the related geometric meanings and the geometric meanings of q-deformations are manifest from the corresponding 2-D manifolds. The Poisson algebraic maps can be easily studied in terms of the corresponding 2-D manifolds. For the Lie algebras SU(2) and the quantum (q-deformed) Lie algebras SU q (2), the associated quantum algebraic maps between SU(2) and SU q (2) are discussed by using the method of prequantization and geometric quantization [11] .
In this paper, we give an infinite dimensional extension of these connections. More precisely we study current algebraic structures on 2-D manifolds with parameters taking values in finite dimensional Riemannian manifolds. We call these manifolds "2-D current manifolds". In the case where the parameter space is S 1 we obtain loop algebraic structures on 2-D current manifolds. We give a complete description of algebraic structures on 2-D current manifolds in terms of the underlying symplectic geometry. We show that there is a one to one correspondence between 2-D current manifolds and Poisson current algebras with three generators, including current Lie algebras and q-deformed current Lie algebras. The symmetry described by the current algebra and the geometric meaning of the q-deformation of the current algebra are manifest from the related current manifolds.
By geometric quantization, we get corresponding quantized current algebras and related current manifolds. Both the Poisson current algebraic maps and quantum current algebraic maps can then be investigated in terms of the corresponding classical and quantum current manifolds.
We first recall in section 2 some notations of infinite dimensional symplectic geometry referring to [12] and [13] for background. In section 3 we study the symplectic geometry on 2-D current manifolds and establish relations between Poisson current structures and 2-D current manifolds. As applications, we discuss in section 4 some special 2-D current manifolds and their related Poisson current manifolds. Section 5 is dedicated to Poisson current algebraic maps in terms of the corresponding current manifolds. We investigate the geometric quantization of current algebras in section 6 and give some concluding remarks in section 7.
Symplectic Geometry on Current Manifolds
The basic object in symplectic geometry is a symplectic manifold which is an even dimensional manifold equipped with a symplectic two form, see e.g. [13, 14] . Let M be a connected even dimensional Riemannian manifold and N an arbitrary finite dimensional
Riemannian manifold equipped with a finite reference measure µ. A current manifold M N is the space of smooth mappings from N to M, which can be equipped with the topology of a Banach manifold, see e.g. [6] . Let δ denote the exterior derivative on M.
By definition a symplectic form ω on M N , is a two form on M with parameters in N, which is (i) closed
(ii) non-degenerate, i.e.,
where X are vector fields on M N and ⌋ denotes the left inner product defined by (X⌋ω)(Y ) = ω(X, Y ) for any two smooth vector fields X and Y on M N . It is possible to show that such symplectic forms exist on M N , see e.g. [12] and [13] (for the case dim(M) = 2 we discuss this below).
Canonical transformations are by definition ω-preserving diffeomorphisms of M N onto itself. A vector X on M N corresponds to an infinitesimal canonical transformation if and only if the Lie derivative of ω with respect to X vanishes,
A vector X satisfying (3) is said to be a Hamiltonian vector field. Since ω is closed, it follows that a vector X is a Hamiltonian vector field if and only if X⌋δ is closed. Let 
The Poisson bracket [f, g] P.B. of two smooth functions f and g in F (M N ) is defined to be the function −ω(X f , X g ). It satisfies the identities:
According to Whitney's embedding theorem we can smoothly embed N resp. M in Euclidean spaces of least possible dimensions n (≤ 2(dim N + 1)) resp. m (≤ 2(dim M + 1)), see e.g. [15] . Let x (resp. S) be local coordinates of the so embedded manifold N (resp. M). Let S i , i = 1, ..., m, be the components of S. The basis of the tangent vectors (resp. cotangent vectors) of the Banach manifold M N are then {δ/δS i ( x)} (resp.
For fixed x, S 1 ( x), ..., S m ( x) can be looked upon as orthogonal smooth vectors spanning the tangent space at x ∈ N to M. In analogy with the finite dimensional situation (see e.g. [13] ) we can define an inner product between the bases of tangent vectors on M N and two forms on
where δ(·) is the usual δ function on N and δ ij = 1 for i = j, δ ij = 0 for i = j. This equality is to be understood in the sense of generalized functions (using the natural pairing
given by the Riemann-Lebesgue volume measure on N and M).
Poisson Current Algebraic Structures on 2-D Current Manifolds
In the following we take M to be a two dimensional Riemannian manifold smoothly embedded into IR 3 . Let, as in section 2, S i , i = 1, 2, 3, be the coordinates of M in IR 3 and
x the coordinate vector of the manifold N in IR n (n is also as in section 2). We consider a general 2-D current manifold M N defined in terms of some smooth real-valued function
• S denoting the values of S = (S 1 , S 2 , S 3 ) for which (6) holds. The Poisson algebraic structure on the current manifold (6) is determined by the corresponding symplectic structure on it.
Let for general S
where µ is the Riemann-Lebesgue volume measure of the Riemannian manifold N. We look at IF as a real-valued smooth functional of S = (S i , i = 1, 2, 3). When S takes values on M N , IF (S) = 0. We define δIF /δS j ( x) as the smooth functional of S s.t. for
with S ǫh j = (..., S j + ǫh j , ...), j = 1, 2, 3. δIF (S; h j ) is thus the derivative of IF at S in the direction h j . We assume that N is compact (or that µ and the functions to be integrated against it which occur in our formulae are such that all integrals are finite).
[Proposition 1]. The Hamiltonian vector fields associated with S i ( x), i = 1, 2, 3, on manifold M N are given by
where α is a real constant and ǫ ijk is the completely antisymmetric tensor.
[Proof]. By definition a Hamiltonian vector field X f associated with f ∈ F (M N )
should satisfy equation (4) . Let us suppose that the Hamiltonian vector fields X S i ( x) resp. the symplectic form on M N have the following general forms:
resp.
where A i ( x) and B i ( x), i = 1, 2, 3, are some smooth functions of S( x) that will be determined by eq.(4). Substituting them into equation (4) we have (in the sense of generalized functions):
For i = 1 we have
δS i ( x), i = 1, 2, 3, are not linearly independent, in fact from eq.(6) we have
Using relation (11) we get
for some real constant α and
Combining this with the corresponding results from (10) with i = 2, 3 we obtain
and
Substituting eq. (12) into (8) we get (7).
Hamiltonian vector field associated with S i ( x) is independent of the construction of the symplectic form ω on M N . Owing to the equivalence of Hamiltonian vector fields in 2-D case [10] , the factor α will be taken to be 1/2 in the following.
[Proposition 2]. The two form ω given by (9) is a symplectic form on M N iff B i ( x), i = 1, 2, 3, satisfy condition (13).
[Proof]. It is manifest from the proof above that condition (13) is necessary and sufficient for ω to satisfy formula (4). And due to the fact that M is a 2-D manifold, ω is obviously closed, i.e., δω = 0.
On finite dimensional manifolds with a symplectic structure one can define Poisson algebraic structures. In a similar way we define the "Poisson current algebraic structures" on current manifolds equipped with a symplectic structure.
[Theorem 1]. The Poisson current algebraic structure on the manifold M N is (uniquely)
given by
the equality being in the sense of generalized functions over N.
[Proof]. From formula (5) and Proposition 1 we have
where α in formula (7) has been taken to be 1/2.
This Poisson current algebra is independent of the symplectic form on M N , and is uniquely given by the current manifold IF (S) = 0 under the algebraic equivalence [10] .
[Proposition 3]. For f ∈ F (M N ), the Hamiltonian vector field associated with f is given by
[Proof]. What we have to prove is that X f ⌋ω = −δf . From
and Proposition 1 we have
⌋ω .
Comparing above formula with the condition X f ⌋ω = −δf we get formula (15) .
, the Poisson bracket of f and g is given by
[Proof]. This is a direct result of Proposition 3 and formula (5).
Generally, Poisson current algebras are by definition maps from the compact manifold N to finite dimensional algebras. Let us consider a general Poisson current algebra
(in the sense of distribution on N), where f i , i = 1, 2, 3, are smooth functions of S taking values on a finite dimensional manifold N and S i ( x), i = 1, 2, 3, satisfy the Jacobi identity.
[Definition]. If the f i , i = 1, 2, 3, satisfy
then the algebra (17) is said to be integrable.
[Remark 2]. The integrable condition (18) is a sufficient condition for a general Poisson current algebra (17) to satisfy the Jacobi identity,
Comparing formula (14) with formula (17) we see that the f i (S( x)) in the Poisson current bracket (14) on M N is given by
where
Therefore f i in (19) satisfy the integrable condition (18) and all the Poisson current algebras (14) in Theorem 1, over 2-D current manifolds are integrable ones.
[Theorem 3]. Let M, N be Riemannian manifolds smoothly embedded in IR 3 resp. IR n .
For a given integrable current Poisson algebra (17) , there exists a 2-D symplectic current
F ∈ F and c an arbitrary real number, such that the Poisson current algebra generated by S( y) coincides with the algebra (17).
[Proof]. A general integrable Poisson algebra is of the form (17),
where f i , i = 1, 2, 3, satisfy the integrability condition (18) . What we have to show is that this Poisson algebra can be described by the symplectic geometry on a suitable 2-D symplectic current manifold (M N , ω), in the sense that the above Poisson current bracket can be described by the formula (5), i.e., the Poisson current bracket
given by the Hamiltonian vector field
Let X ′ S i ( x) be given by
Then X
A general two form on IR 3 N has the form
where B i ( x), i = 1, 2, 3, are some smooth functions of S( x).
We have to prove that S can be restricted to a suitable 2-dimensional manifold M ⊂ IR 3 in such a way that X ′ S i ( x) coincides with the Hamiltonian vector field X S i ( x) and ω ′ is the corresponding symplectic form ω on M N .
A two form on a 2-D current manifold is always closed. What we should then check is that there exists M ⊂ IR 3 such that for S restricted to M the formula (4) holds for
Substituting formulae (21) and (22) into (23) we get
That is,
Let us now look at the coefficient determinant D of the δS i ( x) in the system (24) . By a suitable choice of B 1 , B 2 , B 3 we can obtain that D is zero. This is in fact equivalent with the equation
being satisfied. The fact that D = 0 implies that there exists indeed an M as above.
Substituting condition (25) into (24) we get
From the assumption (18) we know that the differential equation (26) is exactly solvable, in the sense that there exists a smooth (potential) function F ∈ F (M N ) and a constant c such that
and δIF /δS i ( x) = f i (S( x)). The above manifold M N is then described by (27).
Therefore for any given integrable Poisson current algebra there always exists a 2-D current manifold of the form (27) on which X (21) is a Hamiltonian vector field and the Poisson bracket of the current algebra is given by X ′ S i ( x) according to the formula, 
Poisson Algebraic Structures on Some Special Current Manifolds
In this section we discuss Poisson algebraic structures on some special current manifolds, which give rise to special current extensions of Poisson Lie algebras and q-deformed Lie algebras. In all examples below x takes values in a Riemannian manifold N, smoothly embedded in IR n . a). We first consider a "current 2-D sphere" given by
where S 0 is a real constant = 0.
M is then here the sphere in IR 3 of radius S 0 . From Theorem 1 we have the Poisson relations (in the sense of distributions),
The algebra defined by (29) is a current extension of the Poisson algebra SU(2) (cfr. e.g.
[1, 2, 7, 16]).
A symplectic form on the current manifold M N can be constructed by using formula (9) and condition (13) . From (13) and (28) we have
Comparing this with eq.(28) we can simply take B i ( x) = S i ( x)/S 2 0 . Therefore from (9) we obtain the following symplectic form
b). We now consider a "q-deformed current 2-D sphere" defined by
where γ = log q, q ∈ IR\{0} is the deformation parameter. Heuristically, when γ → 0, the manifold (31) becomes the current 2-D sphere (28).
For the manifold (31), Theorem 1 gives rise to the following Poisson algebraic relations (again written in the sense of generalized functions):
or, equivalently,
The algebra (32) is just the current extension of the q-deformed Poisson Lie algebra SU q (2) [17] . It is isomorphic (up to a factor i) to the current extension of the "quantum" algebra SU q (2), but is here classically realized, which means that the q-deformation and physicalh-quantization of the current extended algebras are independent, like in the case of Lie algebras [11, 18] . Both current extended Lie algebras and current extended q-deformed Lie algebras can thus be realized at classical and also at quantum levels (see section 6).
Condition (13) now turns out to be
From eq.(31) we have
Substituting these expressions into eq. (9) we obtain the symplectic form
c). The "current elliptic paraboloid" is defined by
From formula (14) we have, in the sense of generalized functions:
This is just the current extension of the Poisson simple harmonic oscillator algebra H(4) [19] .
The corresponding symplectic form can be obtained by using formulae (9), (13) and
d). The "q-deformed current elliptic paraboloid" is defined by
where again γ = log q, q ∈ IR\{0} is the deformation parameter.
The algebra on this current manifold is the q-deformed current extension of the simple harmonic oscillator algebra of H q (4) considered in [20] and is described (in the sense of generalized functions) by:
Similarly as above we have the symplectic form
e). The "current manifold of the one sheet hyperboloid" is defined by
The corresponding current algebra is described (in the sense of generalized functions) by the relations:
This is the current extension of the well known Poisson SU(1, 1) algebra. The corresponding symplectic form ω can easily be obtained. In fact it is given by (30), with S 0 being replaced by the constant on the right hand side of eq.(40). This also shows that the symplectic structures are in general not unique for a given symplectic manifold, since there could be more than one set of B i ( x), i = 1, 2, 3 satisfying eq.(13).
Using formulas (14) , (9) and (13), other examples of current extended Poisson algebras and related symplectic structures associated with current manifolds can be constructed in a similar way, though formally the current algebras could in general not be the current extensions of Lie algebras or q-deformed Lie algebras. For example for the "genus one current Riemannian manifold",
where a and r are the radii of the torus, we have the following Poisson current algebra
(in the sense of generalized functions).
Poisson Current Algebraic Maps
From the above we see that the current algebras which are defined as maps from a compact manifold N to an algebra with three generators are related, via symplectic geometry, to certain 2-D current manifolds and vice versa. Therefore it is convenient to investigate current algebraic maps by using the associated 2-D current manifolds. 
[Theorem 3].S(S) ≡ {S
[Proof]. Let M D be the manifold defined by the equation
then from Theorem 1S gives rise to the current algebra A ′ .
Conversely we have to prove that ifS(S) generates the current algebra A ′ by using the algebraic relations of S, thenS satisfies the equation IF ′ (S) = 0.
Due to the relation F (S) = 0, the S i , i =, 1, 2, 3, are not independent. Since F (S) = 0 is assumed to be a two dimensional manifold, we can take, without loosing generality, S 1 , S 2 to be the independent variables. For f, g ∈ F (M D ), Theorem 2 says that the Poisson bracket of f and g is given by
From Theorem 1 the Poisson current algebra A ′ is given by
(in the sense of generalized functions). On the other hand from (44), the Poisson algebraic
Taking into account that (as generalized functions)
is the function of x obtained by evaluating the derivative of the functioñ S i of S j with respect to S j at x), we get from (45) and (46):
By integrating with respect to dµ( y) above equations for i = 1, j = 2 resp. i = 2, j = 3 resp. i = 3, j = 1 and multiplying the so obtained equations by
, summing then these equations together and finally integrating with respect to dµ( x), we get δIF
Therefore IF ′ (S) = constant. This is equivalent to the current manifold IF ′ (S) = 0 for the algebra A ′ , since a constant term does not change the current algebraic structures of the manifold.
We give two examples of Poisson current algebraic maps. Eqs. (28) and (31) give algebraic maps between the current extended algebras of SU(2) and SU q (2),
It is easy to check by using the relations (29) that S ′ ± ( x), S ′ 3 ( x) satisfy (32). They also satisfy (31) as seen using (28).
The algebraic maps from the current algebras of H(4) to H q (4) can be obtained from the related manifolds (34) and (37). For instance,
where S ± ( x) and S 3 ( x) are the generators of the current algebra H(4) satisfying the relations (35). S ′ ± ( x) and S ′ 3 ( x) are the generators of the current algebra H q (4) satisfying the relations (38). We also see that S ± ( x), S 3 ( x) satisfy (34) and
Similarly, the current algebraic maps among other current extended algebras such as SU(1, 1) and SU q (1, 1) can be studied by investigating their related current manifolds.
Geometric quantization of current algebras
The first step towards geometric quantization is prequantization (cfr. [13, 14] ). In our case the aim of prequantization is to construct a linear monomorphism from the Poisson algebra of (M N , ω) to the space of linear operators on an appropriate space by constructing the prequantization line bundle L. The system is still classical at this prequantization level.
In the process of quantization, one has to find a suitable classical counterpart of the notion of a complete set of commuting observables. A natural choice is a set of l = 1 2 dim(M) functions f 1 , f 2 , ..., f l on M such that their Hamiltonian vector fields X f 1 , X f 2 , ..., X f l are complete. If one drops the assumption that the f i be real and globally defined, one is led to the concept of a "polarization" P of (M N , ω). The complex linear combinations of Hamiltonian vector fields X f i , i = 1, 2, ..., l, span an involutive distribution P on M such that dim(P ) = 1 2 dim(M) and ω restricted to P vanishes identically, ω| P ×P = 0 [21] .
A complex distribution P satisfying above equations is called a complex Lagrangian distribution on (M N , ω). A polarization of a symplectic manifold (M N , ω) is a complex involutive Lagrangian distribution P on M N such that dim{P ∩P } is constant, whereP denotes the complex conjugate of P . 
where a i j (x) are smooth functions of x, f is said to be polarization preserving. The quantum operatorf associated to f is then given by [13, 14] 
whereh = h/2π and h is the Planck constant. The quantum Hilbert space is the subspace of the section space of the prequantization line bundle L that is covariantly constant along the polarization.
In the following we take the current extended algebra of SU (2) as an example. As is shown in section 4 this algebra is related to the current 2-D sphere defined by equation (28). Let S 2 denote the latter manifold. We set up a complex structure on S 2 by introducing two open sets
and two complex functions z + ( x) and z − ( x), x ∈ N, on U + and U − respectively,
In U + U − we have
From (52) we get the expressions of S i ( x), i = 1, 2, 3, in terms of z + ( x) and z − ( x),
The symplectic form (30) becomes
Locally ω | U ± = δθ ± . From (55) the symplectic one form θ ± reads
The Hamiltonian vector fields of S i ( x) now take the form
We suppose that the manifold N has finite volume V . The prequantization line bundle L exists if and only if V −1 h −1 ω defines an integral de Rham cohomology class, i.e. the de [14] . This leads to the relation
Hence we have
In the following discussions we shall, for simplicity, seth = 1
We take, as a suitable polarization, the linear frame fields of z ± ( x),
.
. Hence, X z + ( x) and X z − ( x) span a complex distribution P on S 2 and P is a polarization of the symplectic manifold (S 2 ,ω).
Moreover,
This means that (adapting a definition from [14] ) P is a complete strongly admissible positive polarization of (S 2 , ω) (in the sense of generalized functions).
From eqs. (50), (54) and (57) we obtain (following the procedures of geometric quan-tization) the following definition of the corresponding quantum operators:
as operators acting on a suitable dense domain in the corresponding quantum Hilbert space H. They give rise to the quantum current extended algebra of SU (2),
denoting AB − BA. These relations have to be understood in the sense of operator-valued generalized functions, the operators acting on a suitable dense domain in H.
From formula (59) we directly have the following relation between the quantum oper-
This relation gives a "quantum mechanical" analogue of the sphere S 2 .
The geometric quantization of the current algebra of SU q (2) can be studied in a similar way. Let S This leads to an S γ in (31) which takes the form (for γ = 0)
By geometric quantization we have the quantum operators of the current extended algebra of SU q (2):
(in the sense of operator-valued generalized functions on a dense domain in H), where the open sets V ± on S 2 q is defined by
They satisfy (in the same sense as above) the commutation relations of the current extended quantum algebra of SU q (2),
. This quantum current algebra is isomorphic to the classical Poisson current algebra (32). One may redefineŜ ± ( x) by multiplying it by a constant factor sinh(γ) γ so as to get the usual form of commutation relations.
We remark that without settingh to be unit, eq.(63) takes the form
From this it is manifest that theh-quantization and the q-deformation are independent operations.
In terms of the expressions (62) and (63) the quantum operators satisfy the following
This is the quantum version of the manifold (31).
The quantization of other current algebras can be discussed in a similar way. In addition, from the quantum version of the related manifolds, the quantum current algebraic maps can be obtained. For instance, letŜ i ( x) (resp.Ŝ ′ i ( x)) be the quantum operators of quantum current algebra of SU(2) (resp. SU q (2)) satisfying eq.(61) (resp. (64)). We set
. Then eq.(64) can be rewritten aŝ
where eq.(61) has been used. Hence we havê
Therefore from the "quantum" current manifold (61) of the current extended quantum algebra SU(2) and the "quantum" current manifold (64) of the current extended quantum algebra SU q (2), we get the quantum algebraic maps from the current extended algebras SU(2) to SU q (2), which is formally the same as the classical Poisson algebraic maps (47). HereŜ 
Conclusion and Remarks
We have shown that there is a one to one correspondence (up to algebraic equivalence) The Hopf algebraic structures of current extended algebras can be studied by the quantum operators of these algebras. Recall that mathematically a Hopf algebra A is an algebra with multiplication m : A ⊗ A → A, comultiplication (coproduct) ∆ : A → A ⊗ A, antipode η : A → A and counit ǫ : A → K for a given field K. ∆ is an algebra homomorphism ∆(ab) = ∆(a)∆(b) and η is an algebra anti-homomorphism η(ab) = η(b)η(a) for a, b ∈ A. For these concepts see e.g. [22] . Here we give the Hopf algebraic structures for the current extended algebra of SU q (2):
∆(Ŝ ± ( x)) =Ŝ ± ( x) ⊗ e γŜ 3 ( x) + e −γŜ 3 ( x) ⊗Ŝ ± ( x), ε(1) = 1, ε(Ŝ ± ( x)) = ε(Ŝ 3 ( x)) = 0, η(Ŝ ± ( x)) = −e γŜ 3 ( x)Ŝ ± ( x)e −γŜ 3 ( x) , η(Ŝ 3 ( x)) = −Ŝ 3 ( x) . Hilbert space H). When the deformation parameter γ approaches zero, (66) becomes formally the Hopf algebraic structures of quantum current extended algebra of SU (2) and the comultiplication becomes commutative.
In this paper we obtained the quantum operator expressions of the current extended algebras through geometric quantization. In particular we have constructed here the representations of the current extended quantum algebra SU q (2), see (63). Representations of the current extended quantum algebras can also be obtained in the form of highest weight representations based on continuous tensor product representations [23] . It would be interesting to study the relations between the latter representations and the representations obtained in this paper.
In addition, by generalizing the 2-D current manifolds to Grassmannian manifolds, one can discuss BRST structures on 2-D current manifolds in terms of symplectic geometry and geometric quantization, extending the work we have done before for 2-D manifolds [24] .
